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A NEW CHARACTERIZATION OF HEREDITARY ALGEBRAS
YICHAO YANG AND JINDE XU
Abstract. In this short paper we prove that a finite dimensional algebra is hereditary if and only if
there is no loop in its ordinary quiver and every τ-tilting module is tilting.
1. Introduction
Throughout this paper, A stands for a finite dimensional basic algebra over an algebraically
closed field k and QA for its ordinary quiver. The τ-tilting theory was recently introduced by
Adachi, Iyama and Reiten in [1], which completes the classical tilting theory from the viewpoint
of mutation. Note that a tilting A-module is always τ-tilting and the converse is true if A is
hereditary.
It is therefore interesting to consider whether the heredity of A can be characterized by the
property that every τ-tilting A-module is tilting. Indeed, it is not true as shown by the following
example. Let A be a non-simple local finite dimensional k-algebra, then A is the only τ-tilting
A-module which is also tilting but A is not hereditary. In this counterexample we observe that
there exists a loop in QA, thus it is necessary to add some extra restrictions to our assumptions.
Our main result says that a finite dimensional algebra A is hereditary if and only if there is no
loop in QA and every τ-tilting A-module is tilting.
2. Main result
In what follows, let mod-A be the category of finitely generated right A-modules. For M ∈ mod-
A, we denote by add M (respectively, Fac M) the category of all direct summands (respectively,
factor modules) of finite direct sums of copies of M. Moreover, we denote by |M| the number
of pairwise non-isomorphic indecomposable direct summands of M. Also, we denote by Pi
(respectively, S i) the indecomposable projective (respectively, simple) A-module associated to
i for each vertex i ∈ (QA)0. Unless stated otherwise, all modules are assumed to be basic right
modules.
Recall that an A-module T is tilting if it satisfies:
(1) pdAT ≤ 1,
(2) Ext1A(T, T ) = 0 and,
(3) there is an exact sequence 0 → A → T0 → T1 → 0 with T0, T1 ∈ add T .
It is well known that the condition (3) can be replaced by (3′) |T | = |A|.
From [1] we also recall the following definitions in τ-tilting theory.
(1) M in mod-A is called τ-rigid if HomA(M, τM) = 0, where τ is the Auslander-Reiten trans-
lation functor.
(2) M in mod-A is called τ-tilting if M is τ-rigid and |M| = |A|.
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(3) M in mod-A is called support τ-tilting if there exists an idempotent e of A such that M is a
τ-tilting (A/〈e〉)-module.
The main result of this paper is the following.
Theorem 2.1. Let A be a finite dimensional algebra. Then A is hereditary if and only if there is
no loop in QA and every τ-tilting A-module is tilting.
Proof. First we assume that A is a hereditary algebra. Then for any A-module M, its projective
dimension pdAM ≤ 1. Thus every τ-tilting A-module is tilting. Note that A is also a finite
dimensional algebra, it is clear that there is no loop in QA.
On the other hand if A is not a hereditary algebra, then its global dimension gl.dim.A > 1.
Because the global dimension of A is also equals to the supremum of the set of projective di-
mensions of all simple A-modules, there exists a simple A-module S i such that pdAS i > 1. For
simplicity, we may take i = 1.
Since there is no loop in QA, we have Ext1A(S 1, S 1) = 0. Moreover, it can easily be seen that Fac
S 1 =add S 1, hence Ext1A(S 1,Fac S 1) = 0. Now by [3, Proposition 5.8] we have HomA(S 1, τS 1) =
0, therefore the simple module S 1 is a τ-rigid module.
According to [1, Theorem 2.10], it follows that S 1 can be completed to a τ-tilting module, that
is, there exists another A-module U such that S 1 ⊕ U is a τ-tilting module. On the other hand,
we have pdA(S 1 ⊕ U) = max{pdAS 1, pdAU} ≥ pdAS 1 > 1, hence S 1 ⊕ U is not a tilting module.
Finally we find a τ-tilting A-module S 1 ⊕ U but not tilting, which contradicts our assumption.
The proof of the theorem is now complete. 
From now on we will give some applications of Theorem 2.1. Firstly, the famous no loop
conjecture stated in [5] affirms that the ordinary quiver QA of A contains no loop if A is of finite
global dimension, while the strong no loop conjecture, strengthens this to state that a vertex in
the ordinary quiver QA admits no loop if it has finite projective dimension, see [2, 5]. Since for a
finite dimensional algebra A both these two conjectures have been proved in [6], immediately we
have the following application.
Corollary 2.2. Let A be a finite dimensional algebra of finite global dimension. Then A is hered-
itary if and only if every τ-tilting A-module is tilting.
Recall from [4] that an A-module M is faithful if its right annihilator Ann M = {a ∈ A|M a = 0}
vanishes and M is sincere if HomA(P, M) , 0 for any projective A-module P. It is easy to see that
any faithful module is sincere.
According to [1, Proposition 2.2] it follows that τ-tilting modules are precisely sincere sup-
port τ-tilting modules and tilting modules are precisely faithful support τ-tilting modules, hence
to some extent the difference between τ-tilting modules and tilting modules is analog of the
difference between faithful modules and sincere modules. Now we have the following direct
consequence, which is another application of Theorem 2.1.
Corollary 2.3. Let A be a finite dimensional algebra with no loop in QA. If every sincere A-
module is faithful, then A is hereditary.
However, the converse of Corollary 2.3 is not true in general. Let A be the Kronecker algebra
and TA = {TA
λ
}λ∈P1(k) be the P1(k)-family of pairwise orthogonal standard stable tubes, then A is
a hereditary algebra and all modules lying on the mouth of the rank one tubes of TA are sincere
A-modules but not faithful, see [8].
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Indeed, in [7, Corollary 2.3] Ringel have shown the following conclusion. Let A be a hereditary
algebra and M be a sincere A-module with no self-extensions, then M is also a faithful module.
Conversely we have the following result.
Corollary 2.4. Let A be a finite dimensional algebra with no loop in QA. If every sincere A-
module with no self-extensions is faithful, then A is hereditary.
Proof. By Theorem 2.1 it suffices to show that every τ-tilting A-module is tilting. Let M be
any τ-tilting A-module, then by [1, Proposition 2.2] M is a sincere support τ-tilting module.
Thus M is a τ-rigid module, HomA(M, τM) = 0 and hence Ext1A(M, M) = 0, i.e., M has no
self-extensions. Now M is a sincere A-module with no self-extensions, which is faithful by our
assumption. Consequently M is a faithful support τ-tilting module. According to [1, Proposition
2.2] again it follows that M is actually a tilting module, which completes the proof. 
Using this, the following is now a direct consequence.
Proposition 2.5. Let A be a finite dimensional algebra. Then A is hereditary if and only if there
is no loop in QA and every sincere A-module with no self-extensions is faithful.
We end with the following easy example.
Let A be the algebra given by quiver 1 α // 2 β // 3 with the relation αβ = 0. Then A is not
a hereditary algebra and there is no loop in QA. Thus by Theorem 2.1 there exists some τ-tilting
A-modules which are not tilting.
Indeed, it is easy to see that the class of tilting A-modules is {P1 ⊕P2 ⊕P3, P1 ⊕P2 ⊕ S 2}, while
the class of τ-tilting A-modules is {P1⊕P2⊕P3, P1⊕P2⊕S 2}∪{P1⊕P3⊕S 1} since pdAS 1 = 2 > 1.
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